Continuous Measurement of Spin Systems with Spatially-Distinguishable Particles 
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It is generally believed that dispersive polarimetric detection of collective angular momentum in 
large atomic spin systems gives rise to: squeezing in the measured observable, anti-squeezing in 
a conjugate observable, and collective spin eigenstates in the long-time limit (provided that deco- 
herence is suitably controlled). We show that such behavior only holds when the particles in the 
ensemble cannot be spatially distinguished — even in principle — regardless of whether the measure- 
ment is only sensitive to collective observables. While measuring a cloud of spatially-distinguishable 
spin- 1/2 particles does reduce the uncertainty in the measured spin component, it generates neither 
squeezing nor anti-squeezing. The steady state of the measurement is highly mixed, albeit with a 
well-defined value of the measured collective angular momentum observable. 
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Continuous measurement of hyperfine spin is typi- 
cally performed by interacting an atomic sample with a 
probe laser and then detecting the forward-scattered field 
[H HI IS HI m [6] . In conventional treatments of free-space 
coupling, the atoms are described by their collective spin 
[B El El SISl El [71 E! and the field is approximated ex- 
plicitly as a single spatial mode [H O [71 [HI E] • However, 
the size of the atomic sample in typical experiments is 
large compared to the laser wavelength, thus it is possible 
(at least in principle) to image the scattered laser field, 
making a single- mode approximation inadequate [lOl |TT] . 
The purpose of this letter is to illustrate that even if the 
forward-scattered field is focused onto a single detector, 
models based on a collective, single- mode approximation 
incorrectly predict even qualitative features of the mea- 
surement (please see Fig. [T]). 

Physical Model — Consider a system of N spin- 1/2 par- 
ticles interacting with a linearly-polarized, far-detuned 
probe laser propagating along the laboratory z-axis. Af- 
ter adiabatic elimination of excited atomic states, the 
conditions of Fig. [TJa) result in the Faraday-effect inter- 
action Hamiltonian Hq = hkJ^s^^t [^[S], where s^^t is the 
z-component of the time-dependent Stokes operator for 
the single-mode field and the Ji = jl^^ are collec- 

tive atomic spin operators with j^^^ = a^^^^ /2. Under the 
conditions of Fig. [TJb-c), however, adiabatic elimination 
of atomic excited states yields an interaction Hamilto- 
nian of the form Hs = ^kYln=i ^^^^t ^ where 5-^^ is 
the Stokes operator of the field mode that interacts only 
with atom n [10 . For simplicity, we assume that the 
atom- field coupling k is identical for all atoms. 

The dynamics of any operator Oaf = -^a ® acting 
on both the atoms and the field is given by the quantum 
flow jt[OAF] = U^OAFUt, where Ut is the propagator for 
the joint system and can be determined from He or Hs 
using well-established procedures from quantum stochas- 
tic calculus [5] [TOl HI] . Continuous detection of the scat- 
tered laser fleld provides a measurement record yt com- 
prised of the sequence of random measurement outcomes 



Single-Mode "Collective " Model 

S + S^ §\d<X 



(a) 



5(i)+5(i)t o 
5(2) + 5(2)t o 



d> X 



(b) 



Multi-Mode "Symmetric " Model 

^(i)+^(i)t 0| 



5(2)+^(2)t O 



d> A 



A 



V 



(c) 



FIG. 1: The interaction of a spin ensemble with a free-space 
probe laser can be analyzed by considering several limiting 
cases (for clarity only two atoms are depicted here): (a) if 
the interparticle distance d is small compared to the opti- 
cal wavelength A, then the particles cannot be distinguished 
by imaging, and a single- mode field approximation is justi- 
fied; (b) if however the interparticle distance d is large com- 
pared to the wavelength A, then the individual particles can 
be imaged, and there is a suitable mode decomposition where 
each atom couples essentially to its own separately-detectable 
mode. Typical free-space experiments lie closer to (b) than 
(a), but attempt to recover a collective spin measurement of 
the type in (a) by focusing all the scattered spatial modes 
onto a single detector, as depicted in case (c). This approach, 
however, fails to keep track of the "which-mode" information 
that is available under (b) and thus introduces a decoherence 
mechanism that is ignored in previous treatments ^ [5) [6] . 



during < t. The conditional expectation value of any 
atomic operator X given the measurement data 

TTt[x] = -E[x\yt] (1) 

can be determined using the methods of quantum fllter- 
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ing theory [SIEIITS]. 

Single-Mode (Collective) Measurement Model — We first 
consider the system of indistinguishable particles inter- 
acting with a single field mode, as in Fig.jlJ^a). Under the 
interaction He = fikJ^s^^ the atom-field system evolves 
according to the unitary propagator [9l |T0] 



dU\ 
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^/l^Jz{dSl - dSt) - \nJldt 



where hz = 27r\k{ua)\'^ is the weak-coupling interaction 
strength and dSt and dS} are quantum Brownian mo- 
tion operators satisfying the Ito rules dStdSj = dt, 
dStdSt = dSldSl = dSldSt = P M tt2]- Continu- 
ous measurement of the Sy Stokes operator of the forward 
scattered field generates a measurement current that sat- 
isfies n 



dYf^ = 2^/^jt[Jz]dt + dSl + dSt. 



(3) 



Equations (|2|3|) constitute a system-observation pair, 
from which the conditional atomic dynamics can be in- 
ferred via the collective quantum filtering equation 



dnf[X] =KTTt[C^[Jz]X]dt 

+ x^^(nt[Xx + XX] 



2Trt[X]7rt[X]^ dWt 



(4) 

c 



where dWf = dYf — 2^7rt[Jz]dt is a classical inno- 
vations process and C^[Jz]X is the collective Lindblad 
operator 



C^[J,]X = JzX.h - ^J^x - ^xj- 
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(5) 



Note that the single-mode field model described by Eqs. 
(|4][5| leads to a measurement that can be formulated en- 
tirely in terms of collective angular momentum operators. 
Multi-Mode (Symmetric) Measurement Model — We next 
consider a system ofparticles interacting with a multi- 
mode field as in Fig. life). Under the interaction Hs, the 
atom-field system evolves according to 



dUf 



N 



ii'-^'dt 



(6) 

where K: is again the weak-coupling interaction strength 



but the dS^^^ and dS^'^''^^ now satisfy dS):'^''^dS^ 
dtSn,m (with all other products equal to zero). Under 
the condition that the multi-mode field intensity is cho- 
sen to be the same as the single mode field intensity, to 
achieve the same single atom-field coupling strength hz^ 



(n)t 



continuous measurement of the Sy = ^'^^^i Stokes 



operator for the total forward scattered field generates a 
measurement current that satisfies [10| 



N 



dY,- 



(n) 
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This new system-obsevations pair Eqs. (|6|7| produces the 
symmetric quantum filtering equation 

d7rf[X] =KTTt[C^[l]X]dt (8) 
+ ^ (tt^J.X + XX] - 2Trt[MTrt[X]) dWf , 



(2) with the innovations process dW^ 



2y^Hi/N7rt[Jz]dt) and the symmetric Lindbladian 



N 



C'[l]X = 5: - I - Iji")^) , (9) 

n=l 

which cannot be expressed using collective operators [M] . 
Squeezing and Anti- Squeezing — A comparison between 
the measurement models can be accomplished by ana- 
lyzing the conditional dynamics of the collective spin op- 
erators Ji. We begin with the observed component Jz. 
From Eqs. Q and ([8|, the conditional Jz expectation 
values evolve according to the filtering equations 

dTT^lJz] = 2^Af^[Jz](^dYf -2y/^7rt[Jz]dt^ (10) 

dn^lJz] = 2^AP[1] l^dYf -2^7r,[Jz]dty {11) 

The two measurement equations are structurally sim- 
ilar; both are fundamentally noise-driven because Jz 
commutes with the Lindbladians in both Eqs. Q and 
(|8|. However, the effective measurement strength in 
the multi-mode model is smaller by a factor of 1/a/]V, 
which causes its variance A^[Jz] = 7rt[J^] — (7rt[Jz])^ to 
decrease more slowly than for the single-mode measure- 
ment. Since the evolution of the conditional expectation 
values depends on the variances, the multi-mode mea- 
surement not only converges more slowly, but the con- 
ditional expectations 7rf[Jz] and Trf [Jz] do not have the 
same value for the two filters. 

More significantly, structural differences between the 
models are manifest in the dynamics of operators such as 



Jy because the actions of the two Lindblad terms. 



C^[Jz]J^ = Jl - while C^IUJ^ 



N 



^y, 



(12) 



are different and non-zero. For the single-mode measure- 
ment, this term is non-zero in expectation when taken 
with respect to an x-polarized spin coherent state; it 
is the term responsible for anti-squeezing in the collec- 
tive spin component Jy. Quite remarkably, however, the 
multi-mode Lindblad term vanishes in expectation for an 
x-polarized state, suggesting that the multi-mode mea- 
surement generates no collective Jy anti-squeezing! 

Figure [2] illustrates many of these differences for an 
initial x-polarized spin coherent state subjected to the 
two forms of continuous measurement. As shown by 
Fig. |2|a) and the inset plot, the single-mode collective 
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FIG. 2: Comparison of the single-mode (a) and multi-mode (b) measurement models, simulated for an ensemble of A/" = 60 
spin- 1/2 particles with k — 6 beginning from an initial x-polarized coherent state. The single- mode measurement exhibits 
the expected spin-squeezing and anti-squeezing; however the multi-mode measurement does not. While there is uncertainty 
reduction in the collective spin Jz under the multi-mode model, the squeezing parameter (inset plot) does not decrease, nor is 
there any anti-squeezing; the standard deviation At[Jy] remains constant. For clarity, 7rt[Jx] and 7rt[Jy] are not plotted. 
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FIG. 3: Fig. (a) plots the traces of each total- J irrep-block in 
the density operator Eq. ( 13 ) as it evolves from an x-polarized 
spin coherent state for N —V^ spin-1/2 particles with k — 10. 
Fig. (6) shows the normalized Jy variances tr[A Jypj]/tr[pj] 
for each of the individual total- J irrep-blocks. 



= 1. Furthermore, the prediction of no anti-squeezing 
from Eq. |T2| is confirmed by the simulation — the vari- 
ance A^[Jy] = is a constant of the measurement 
dynamics. The mult i- mode measurement evidently does 
not produce a conventional spin-squeezed state [T5l fT6]. 

Conditional Quantum State Dynamics — The only struc- 
tural difference in the two filters, Eqs. Q and ([8|, re- 
sides in the form of their Lindbladians. Dynamics that 
can be expressed entirely in terms of collective spin oper- 
ators, such as the single- mode Lindbladian Eq. ([5|, pre- 
serve states that are invariant under the permutation of 
particle labels. Provided that the initial state is permu- 
tation invariant, the dynamics are then confined to an 
{N + l)-dimensional sub-Hilbert space corresponding to 
the maximum eigenvalue Jmax = the so-called 

symmetric group [17] . Since the multi-mode Lindbladian 
Eq. ([9| is not generated by collective spin operators, it 
can be shown to couple the different total- J irreducible 
representations (irreps) of the rotation group [M]. The 
dynamics are not restricted to the symmetric group, but 
rather the 0(7V^)-dimensional sub-Hilbert space that is 
invariant across degenerate copies of the different total- J 
irreps. Such states are called generalized collective states 
and are described by density operators of the form [14] 



model exhibits the expected spin-squeezing in with 
corresponding anti-squeezing in Jy. Also as expected, 
the single-mode model randomly generates one of the 
collective eigenstates in the long-time limit [6]. Fig- 
ure [2|b) illustrates that the multi-mode symmetric model 
generates a different conditional evolution for X and a 
slower reduction in its variance. In fact, the Jz vari- 
ance decreases so slowly that the squeezing parameter 
= A/'A^[Jz]/(7r^[Jx] +7r|[Jy]) never decreases below 
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Pj,M,M^J.M){J,M'l (13) 



i.e, the direct sum over irrep-blocks pj corresponding to 
different total spin J = 0, 1, 2, ... , N/2. 

The form of the symmetric Lindbladian and the result- 
ing coupling between total- J irrep-blocks accounts for the 
decoherence due to ignoring the "which-mode" informa- 
tion discussed in Fig[T] Evolution under the multi-mode 
measurement does not preserve pure states (even in the 
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FIG. 4: Purity comparison of the steady states M = {2, 1, 0} 
for an ensemble of 4 particles with k — 25, with respective 
values {1, 1/4, 1/6} according to l/af^. N = 4 was chosen 
for reasons of clarity. 



case of perfect detection efficiency) because the states 
become mixed over total-J irrep-blocks. This behavior 
is demonstrated by the simulated measurement in Fig. 
[sja), which plots the traces of the individual irrep-blocks 
pj as the measurement evolves in time. Analyzing the 
behavior of the individual irrep-blocks also helps to ex- 
plain the absence of collective anti-squeezing. Owing to 
the structure of Eq. (13), the total variance in Jy is the 



sum over the variances of the individual J- irrep-blocks. 
Fig. [sj^b) reveals that these individual irrep variances ex- 
hibit anti-squeezing, exactly as though each respective 
block was subject to its own Jz measurement. The to- 
tal Jy variance does not increase because the symmetric 
Lindbladian transfers population to irrep-blocks pj with 
decreasing total spin as the measurement proceeds. 

A further distinction between the models lies in the 
long-time behavior of the filtering equations. Like 
the single- mode measurement, the steady states of the 
multi-mode measurement exhibit zero collective variance 
A^[Jz] and thus a well-defined angular momentum 
Jz = hM . The steady states are therefore conveniently 
labeled by the quantum number M, 



Pm 



1 



di\J,M){J,Ml 

J>M 



(14) 



where dj^ = N\{2J + l)/{N/2 - J)\{N/2 + J + 1)! is the 
number of degenerate irreps with total spin J and af} is 
the cumulative sum aj^ = ^j^j^ dj^. However, in stark 
contrast to the single-mode model, which always con- 
verges to a pure Jz eigenstate 1 6 , pM is a heavily mixed 
state with purity . Fig. H shows the time-evolution 

of the purity as the multi-mode measurement converges 
to different steady states. The only way for the mea- 
surement to generate a final pure state is in the unlikely 
case that M = Jmax- For 1, typical realizations 

will produce states with vanishing purity, since dj^ grows 
exponentially in N for all irreps other than J = Jmax- 

Conclusion — We have found that the common practice 



of focusing a multi-mode probe field onto a single detec- 
tor does not produce a true collective spin measurement 
for dilute atomic samples. Previous theoretical treat- 
ments based on symmetric states fail to account for the 
decoherence that results from ignoring "which-particle" 
information that is available in principle for spatially- 
resolvable particles. While typical experiments will gen- 
erally lie somewhere between the limiting cases of Figs. 
[TJa) andjljc), one would still expect measurement mod- 
els based entirely on symmetric states and collective spin 
operators [6] [151 Hi] overestimate significantly the 
expected degree of squeezing and anti-squeezing. Such 
models are likely inadequate to describe dispersive mea- 
surements performed by coupling a large spin ensemble 
to a probe laser field in free space. 
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files used to generate the figures in this paper. 
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